INTRODUCTION
It is well known that all projective modules over a perfect ring have the exchange property. This was shown by Yamagata [32] and, independently, by Harada and Ishii [lo] . Provided that the identity of the ring can be expressed as a sum of orthogonal primitive idempotents, the converse is also true [32] . That it fails in general was demonstrated by Kutami and Oshiro [lS] who constructed a nonartinian Boolean ring whose projective modules nevertheless have the exchange property. As it turned out, this "outsider example" is representative of an extensive class of rings. In fact, both perfect and regular rings are subsumed in the hypotheses of the following THEOREM. Let R be a ring (associative with identity) with Jacobson radical J(R). If RfJ(R) is von Neumann regular and J(R) is left T-nilpotent, then every projective left R-module has the exchange property.
We obtain this result as a consequence of our more general observation that every projective regular module (in the sense of Ware [28] and Zelmanowitz [33] ) has the exchange property.
Recently Oshiro [23] showed the somewhat weaker fact that all projective modules over von Neumann regular rings have the finite exchange property. Inspite of a certain proximity of the arguments, we include our short and simple proof for the convenience of the reader.
Still, the implication of our theorem is not reversible in general; we illustrate this with several examples. On the other hand, we establish the converse in the commutative case, even a little better, for rings all of whose idempotents are central. Focussing again on specialized classes of rings, we 437 obtain another necessary condition for the asset that all projective modules have the exchange property.
THEOREM. Suppose that R has bounded index of nilpotence or satisfies a polynomial identity. If we assume in addition that all projective R-modules have the exchange property, R is strongly x-regular (i.e., for every a E R there exist nEN and x, yER such that a"=an+lx=ya"fL).
With no restrictions imposed on the ring, strong rc-regularity is neither necessary nor sufficient for a ring to belong to the class of the title; this issue is clarified through our final examples.
The present paper is part of the author's dissertation at the Technische Universitat Miinchen. The author would like to express his gratitude to his thesis advisor, Professor Birge Zimmermann-Huisgen, for inspiration and encouragement. Moreover, he is very much obliged to her for improving the presentation of the paper.
PRELIMINARIES
In this section we collect some well-known facts concerning the exchange property and provide a few auxiliary results on projective modules which are new but in close proximity to results in the literature.
Throughout, rings will be assumed associative with identity and modules over a ring R will be unitary left R-modules. The Jacobson radical of a ring R will be denoted by J(R), that of a module A4 by Rad AL Recall, that a module A4 has the exchange property if for every module A and any two decompositions icl A4 is said to have the finite exchange property if this condition is satisfied whenever the index set I is finite.
It is immediate that all finitely generated modules with the finite exchange property have the unrestricted exchange property. However, it is still open whether the exchange property can be tested in finite direct sums in general.
The existing examples of modules with the exchange property include all modules with local endomorphism rings [29] , all quasi-injective modules [6, 301 and the torsion-complete abelian p-groups [ 31. The last two classes are special instances of strongly invariant submodules of algebraically compact modules, for which B. Zimmermann-Huisgen and W. Zimmermann verified the exchange property in a recent paper [34] . In the same article the following very useful test criterion is established: PROPOSITION We will further need the following basic lemma, which guarantees that the exchange property behaves properly under formation of finite direct sums. Warlield [31] called a ring R an exchange ring if R has the exchange property as a left R-module, and he proved this definition to be left-right symmetric. Moreover, he showed that any module has the finite exchange property precisely if its endomorphism ring is an exchange ring. The first "internal" characterization of exchange rings is due to Monk [ 193;  we will use the following modification given by Nicholson [22] and by Goodearl [8, p. 1671 : For a ring R to be an exchange ring it is necessary and sufficient that for every aE R there exists an idempotent eE Ra with (1 -e) E R( 1 -a). As a consequence, Nicholson derived that R is an exchange ring if and only if R/J(R) is an exchange ring and idempotents can be lifted modulo J(R). In particular, this yields that all semiperfect rings are exchange rings or, in other words, that all finitely generated projective modules over a semiperfect ring have the exchange property.
To provide further examples of exchange rings we recall that a ring R is called n-regular if for every a E R there exists an element x E R and a positive integer n (depending on a) such that a" = a"xa". Proof (analogous to [22, Proposition 1.61 ). Let R be n-regular and let aE R be given. Choose XE R, n E N with a" = a"xa". Then g = xa" and e=g+(l-g)a"g are idempotents, where eERa and (l-e)= (1 -g)(l -a"g)=(l -g)(l -a.")E R(l -a).
i
For an example of a non-n-regular exchange ring see [22, Example 1.73 or Section 4.
Next, we will discuss the existence of direct decompositions respecting a given sum grid. Following Kutami and Oshiro [ 151, we say that a projective module P has property (N) if for any decomposition P = Cie I Ni there exist submodules N: c Nj such that P = @ ic, N:. According to Nicholson [22, Proposition 2.91, this condition, when restricted to finite index sets, is equivalent to the finite exchange property (for projective modules only!). We aim at a comparison of condition (N) with the unrestricted exchange property. Unfortunately, the outcome will be less satisfactory than in the finite case. We begin with two lemmas, the first of which is known. LEMMA 2.4 [22, Lemma 2.81. Suppose that P is a projective module with a decomposition P = P, + N, where P, is a direct summand and N a submodule of P. Then there exists a submodule P2 of N such that P = P, 0 P,.
Proof
If P= P, 0 L, then the module N/(P, n N) is projective in view of N/(P,nN)~(N+P,)/P,z(P,@L)/P,~L, and hence P,nN is a direct summand of N. Every complement P, of P, n N in N has the desired property. 1 Proof: Let x: D -+ Q be the projection on Q along P. Then Q = xi., rr(N,) and by hypothesis there are submodules Ui of n(N;) with Q=oi,,Ui.SincePcPOUicP+Niforeveryi~Z,weobtainP6Ui= P + ((P 0 Vi) n Ni), whence by Lemma 2.4 P 0 Ui = P @ NI with some submodule x of Ni. It is straightforward to check that D = PO eiel Ui = PO @isIN:. 1
As an immediate consequence of Lemma 2.5 we glean the fact that a finite direct sum of projective modules has property (N) if and only if each summand has this property.
The implication (2) * (1) in the following proposition is a generalization of [ 15, Lemma 11. (1) PC*) has the exchange property for every set I.
(2) PC') has property (N) for every set I.
(1) * (2). It is sufficient to show that P has property (N). Given a decomposition P = CtE K Rnk into cyclic submodules Rnk, there is a family (fdkoK of endomorphisms of P such that fk(P) c Rnk and m = Cks Kfk(m) for all m E P, where the latter sum is finite. Let (Pk)kS K be a family of isomorphic copies of P, and let h,: P, + P be an isomorphism for every kEK. Then the mapf= ekcKfk. h, in Hom(@,,,P,, P) is surjective, and hence Ker f inherits the exchange property from ekcK Pk. In particular, there exist submodules Qk c Pk such that eksK Pk = KerfCD 0 k.KQk. Applyingfwe arrive at P= OkEKf(Qk) wheref(Q,) is contained in Rn,.
(2) =S (1). Again, we only have to prove the assertion for P. Furthermore, by Proposition 2.1, we may focus on a situation A = P (3 L = eic, Ai, where all Aj are isomorphic copies of P. In this case L is isomorphic to a direct summand of P , ('). hence L has property (N), and an application of Lemma 2.5 finishes the proof. 1
For finitely generated projective modules exchange property and condition (N) coincide [22] . The same is true for arbitrary free modules (modify the technique applied under 3.1). We do not know whether this extends to projective modules in general. Note, however, that an example of a projective module with property (N) which fails to have the exchange property would settle in the negative the question whether the finite exchange property implies the unrestricted exchange property.
REGULAR PROJECTIVE MODULES HAVE THE EXCHANGE PROPERTY
Following Ware [28] and Zelmanowitz [33] , we call a module A4 regular if every finitely generated submodule of M is a projective direct summand.
Kaplansky observed that over a von Neumann regular ring all projective left and right modules are regular (see [13, Lemma 41 or [7, Theorem 1.11 I) . A variety of examples of regular modules over non regular rings can be found in [28] .
The main result of this section is THEOREM 3.1. Every regular projective module has the exchange property.
Before we give a proof we note two obvious consequences. The latter corollary supplements investigations of Ware [28] on the endomorphism ring of a regular projective module M, which yield that End,M is von Neumann regular if M is finitely generated, and that this is not true in general.
For our proof of Theorem 3.1 we will require the following lemma.
f.XMMA 3.4. Let P be a regular projective module, Q a direct summand of P and N c P a finitely generated submodule. Then Q + N is a direct summand of P (in particular there is a submodule U of N such that Q + N = Q@U,.
Proof
Suppose P = Q @ L, and let I-C: P + L be the projection on L along Q. Then the submodule n(N) is finitely generated and hence a direct summand of L. It follows that Q + N = Q@rc(N) is a direct summand of P, and Lemma 2.4 yields Q + N = Q 0 U with some submodule UC N. 1
Proof of Theorem 3.1. Since direct sums of regular modules are regular (see [ 28, p. 2391 or [ 33, Theorem 2.8]), it is enough to prove property (N) for every regular projective module by Proposition 2.6.
Let P be regular projective and suppose P= CkeK N,. To show the existence of submodules Qk c Nk such that P = @ k E k Qk we may assume without loss of generality that each Nk is cyclic. According to [28, Theorem 2.123, P is a direct sum of cyclic submodules, say P= @ iel Pi. Now consider the set of all pairs ((Qk)kc k, Z') where
(ii) (QkhcK is an independent family of submodules of P such that QkCN, for all kEKand @ kaKQk = eierPi, together with the ordering defined by Suppose that, on the contrary, Z* # I. Then there is I, = {ii } c Z\Z* and a finite subset K, of K such that Lemma 3.4, extended via an obvious induction, yields that the module on the right side is a direct summand of P and that there exist finitely generated submodules Qf * c Nk, k E K, , with
Since all the Qz* and Pi are finitely generated, there are finite subsets I, c Z\ Z* with I, c Z, and K2 c K\K, such that
As above, an iterated application of Lemma 3.4 implies that for some Qt * c N,, k E KZ, and that this module is a direct summand of P. Now, a standard inductive argument yields an ascending chain of finite subsets I, c I, c Z, c . . . of r\Z*, pairwise disjoint finite subsets K,, KZ, K 3,... of K and finitely generated submodules Qz* c Nk, k E Uit N K,, such that for each n E N.
Q@Q PiCQO
Q Qz*cQO Q Pi, ie In kEU:=,K, icl,+l where Q@Q ke U:=, K, Q,!f* is a direct summand of P. Setting z**=z*uunEN Z,, Qk=Qz+Qz* for kEUieN K, and Qk=Qz for all other k, we obtain @JkeK Qk = @ iel** Pi, a contradiction to the maximality of the pair ((Qz)kcK, I*). 1
With a little more effort the above result can be extended to semiregular modules as considered by Nicholson [21] . They include all semiperfect modules in the sense of Mares [ 173, as well as all regular modules (the latter are precisely the semiregular modules with zero radical). In fact the following is true: Every projective semiregular module with superfluous radical has property (N).
RINGS WHOSE PROJECTIVE MODULES HAVE THE EXCHANGE PROPERTY
We call a ring R a left (right) P-exchange ring if every projective left (right) R-module has the exchange property. This definition is not left-right symmetric as is seen from the results of Harada, Ishii, and Yamagata mentioned in the Introduction: a left perfect ring which is not right perfect is a left but not a right P-exchange ring (see [l, p. 322, Exercise 21 for a concrete example).
We begin our study of P-exchange rings by observing that we may conline ourselves to the case of zero radical. (2) Assume first that R is a left P-exchange ring. Then R/J(R) has the same property by (1 ) , and it only remains to be shown that J(R) is left Tnilpotent. But since the free left R-module RcN) has the exchange property, its Jacobson radical is superfluous by [22, Proposition 2.91, which in turn implies left T-nilpotence of J(R).
Conversely, suppose that R/J(R) is a left P-exchange ring and that J(R) is left T-nilpotent. First we observe that this forces R to be an exchange ring (see Sect. 2). To test the exchange property of any free R-module P, we consider a free R-module D with two decompositions D=P@N=@Di, where Di z R for all i E Z. Our next goal is an example showing that the converse of Theorem 4.2 is false in general. We will smooth the road with facts on P-exchange rings which are of independent interest. PROPOSITION 4.3. Zf A4 is a finitely generated left R-module, the following conditions are equivalent:
( 1) MC') has the exchange property for every set I. Proof: Since R(I) g Re(,') @ ' ' ' @ Re!,') for every set I and End,(Re,) z ei Re, for i = l,..., n, the assertion follows from Proposition 4.3. 1 EXAMPLE 4.6. There exists a left and right P-exchange ring with zero Jacobson radical, which is not von Neumann regular.
Let F be a field, F,, = F for n E N, and let R be the F-subalgebra of n nt WI F,, generated by 1 E n,, wI F,, and I= @,, N F,,. Obviously R is von Neumann regular and I is an ideal in R. For n 2 2 we consider the subring of the matrix ring R" x '. By 4.2 and 4.5, each S, is a left and right P-exchange ring, and, since every nonzero ideal of S, contains a nontrivial idempotent, J(S,) =O. But the homomorphic image Sn/Z"Xn has a nonzero Jacobson radical, so that S, is not von Neumann regular. 1
Starting with this family of counterexamples, we observe that the discrepancy between von Neumann regular rings and P-exchange rings with trivial radical is in fact quite fundamental. Whereas the former (as well as exchange rings) can be characterized by means of equations, this is not possible for P-exchange rings. EXAMPLE 4.7. We show that a direct product of left P-exchange rings, each having trivial radical, need not be a left P-exchange ring.
Let S,, n b 2, be the P-exchange rings of Example 4.6 and let T= nn.2 S, be the direct product of these rings. Then the factor-ring of T modulo the ideal L=n,,,Px* is isomorphic to a direct product n n32 D, of upper triangular matrix rings D, in F"". But J(nna2 D,) is not nil, and hence T/L and T cannot be P-exchange rings. 1
The pathology just described occurs only in the noncommutative case. For commutative rings Theorem 4.2 is reversible. More generally, we have (2) is well known and does not depend on the overall hypothesis. (2) = (1) Pick any nonzero element a E R. By Lemma 4.9, Ra contains a nonzero idempotent e = ra. Since e is central, we obtain e = e2 = era = rea = r2a2, and hence a2 # 0. 1 Proof of Theorem 4.8. The implication (1) * (2) is trivial, and (3) * ( 1) follows from Theorem 4.2.
(2)+ (3) First we observe that the finite exchange property of RcNJ forces J(R) to be left T-nilpotent (see the proof of Proposition 4.1(2)). In particular, idempotents can be lifted modulo J(R); hence all idempotents of R/J(R) are in turn central, and by Lemma 4.10 we conclude that R/J(R) has no nontrivial nilpotent elements.
In proving von Neumann regularity of a ring without nonzero nilpotent elements, it is enough to show that all of its factor-rings without zero divisors are division rings (see [ 5, Corollary 1.43 or [ 7, Theorem 1.211 ). Let i? be such a factor-ring of R/J(R). Since R inherits the asset that its free left module R'" ) has the finite exchange property (cf. 4.1( 1 )), we deduce J(B) = 0. Now, Lemma 4.9 enables us to pick a nontrivial idempotent e in any nonzero left ideal Ra. The absence of zero divisors yields e = 1, that is, a is left invertible in i?. This completes the proof of the theorem. 1
Remark. Koifman [ 141 and Renault [25] proved that for commutative R condition (3) in 4.8 is equivalent with the property, that every nonzero R-module has a maximal submodule. In general this condition does not characterize P-exchange rings either. Koifman gives an example of a noncommutative ring R with the following properties: every nonzero right Rmodule has a maximal submodule, R is not a division ring, J(R) = 0 and R has no nontrivial idempotents. In view of Lemma 4.9, R cannot be an exchange ring.
In the sequel, we will be interested in properties of P-exchange rings with bounded index of nilpotence.
The index of a nilpotent element x E R is the least positive integer n such that x" = 0. R is said to have bounded index k, if k is the supremum of the indices of all nilpotent elements of R.
To state our result we need a concept that generalizes that of an algebraic algebra and dates back to Kaplansky [12] and Azumaya [2] .
R is called strongly K-regular, if the following equivalent conditions are satisfied:
(1) For every aE R there exist n E f+J and x,y~ R such that a" = a n+lXEyan+l.
(2) For every a E R there exist n E N and x E R such that a" = an + 'x. (3) Every descending chain of right ideals of the form aRxa2R=,a3RD..*, a E R, becomes stationary.
(Whereas (1) * (2) and (2)c> (3) are obvious, the implication (2) =z+ (1) is tricky [4] .)
Examples of strongly n-regular rings are left (right) perfect rings, algebraic algebras (see [ll, p. 2101) and rings with the property that every element is contained in a left or right artinian subring. It follows at once from the definition that strongly n-regular rings are xregular and thus exchange rings by 2.3. However, a strongly n-regular ring need not be a P-exchange ring (compare Examples 4.14 and 4.15). Nor is a von Neumann regular ring, in particular a P-exchange ring, necessarily strongly x-regular (think of the endomorphism ring of an infinite dimensional vectorspace, for instance). We will actually be interested in necessary conditions for all projective modules to have the iinite exchange property. Our starting point will be the following equivalence [32, Theorem 8-J: If R contains no infinite sequence of nonzero orthogonal idempotents, then R is left perfect if and only if every projective left R-module has the finite exchange property. THEOREM 4.11. Suppose that R has bounded index k. If all projective left R-module.~ have the $nite exchange properly, then R is strongly x-regular and every prime factor-ring of R is isomorphic to a matrix ring D""" for some division ring D and some n < k.
Proof: By [S, Theorem 2.11 a ring is strongly n-regular if and only if each of its prime factor-rings is strongly n-regular, and by [22, Theorem 2.111 all factor-rings inherit the asset that all projective left modules have the finite exchange property.
Therefore, appealing to the equivalence preceding 4.11 and to the fact that left perfect rings are strongly n-regular, we only have to prove that no prime factor-ring of R contains an infinite family of orthogonal idempotents. This is done with essentially the same argument as used in [7, Theorem 7. 91 to prove that all primitive factor-rings of a von Neumann regular ring of bounded index are artinian.
Let P be a prime ideal of R. We will show that any family of nonzero orthogonal idempotents of R/P contains at most k members. In fact, assume the existence of k -t 1 nontrivial orthogonal idempotents in R/P. Via lifting we obtain orthogonal idempotents e,,..., ek + I in R, none of which lies in P. Hence, we can find elements x1, x2,..., xk in R such that elxle2x2-~-en.w,+i &Pfor l<n<k.Settingt=e,x,e,+.--+ekxkek+,, an induction yields tk = e, x, e2 m** ekxkek+ r. Obviously tk+i = 0, which by our hypothesis, forces tR = e,x,e, .a* ekxkek+ I to be zero, a contradiction. Thus R/P is left perfect, which completes the first part of the proof.
Because the Jacobson radical of any prime left perfect ring is zero (see [ 16, p. 56 , Proposition 11). we have J(R/P) = 0. Now, the Wedderburn-Artin Theorem implies that R/P is isomorphic to a full matrix ring D" x" over a division ring D. Moreover, since R/P contains only families of at most k orthogonal idempotents, we have n G k. 1 We rediscover the implication (1) = (3) in Theorem 4.8 as a corollary of the theorem we have just established; in fact, by [2, Lemma 41, strongly n-regular rings without nonzero nilpotent elements are necessarily von Neumann regular. Moreover, using Levitzki's result that semiprime PI. rings have bounded index [26, 1.6.23, 1.6.261, the previous theorem can immediately be extended to P.I. rings.
We say that R is a PI. ring if R satisfies a polynomial identity with coefficients in the center and at least one coefficient is invertible. 9 where A E S, for some n 2 2 and a E R.
Furthermore, J(T) = 0, because J(S,) = 0 for all n > 2. On the other hand, T is not a left P-exchange ring: Let L be the ideal consisting of all matrices in T whose entries belong to Z, then the Jacobson radical of T/L is not left T-nilpotent. Finally, letting T' be the ring which arises by transposing all matrices of T; then the product T x T' has the desired properties. 1 EXAMPLE 4.15 of a commutative, strongly rc-regular ring of bounded index 2, which is not a P-exchange ring.
We modify an example of Nagata [20, p. 3011 . Let F be a field of characteristic 2, and for k E N let A, be the F-algebra with generators 1, x1 ,..., xk and the relations xf = 0, xixj = xjxi, 1 d i, j < k, in addition to the relations which make 1 act as identity. For every a E A, we have a2 = 0 or a2 E F. 1. Thus the direct product A = nkG wI Ak is a strongly n-regular ring with index 2. But J(A) is clearly not T-nilpotent, whence A is not a P-exchange ring. 1
It is still open whether any strongly n-regular ring of bounded index which, in addition, has a trivial Jacobson radical is a P-exchange ring.
Another negative observation concerning the "size" of the overlap of Pexchange rings and n-regular rings: Not even the primitive P-exchange rings need to be rc-regular. Choose a vector space V of countably infinite dimension over a field F. It is well known that the endomorphism ring R = End, V is a left primitive, von Neumann regular ring whose unique nontrivial ideal Z, consists of all endomorphisms of finite rank. We consider the subring S= (f E) of R2x2. Clearly, S is left primitive and a left and right P-exchange ring (use Corollary 4.5 to see the latter). However, S is not n-regular: In fact, let t"i)ic N be a basis of V and let a E R be defined by a(u,) = u2i for ie N; it is easily checked that for all n E N the power (; A)" is not contained in (i 3" SG A)". I
